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Abstract 

Duality in supersymmetric SU{N) gauge theory with a symmetric 
tensor is studied using the technique of deconhning and Seiberg’s du¬ 
ality. By construction the gauge group of the dual theory necessarily 
becomes a product group. In order to check the duality, several nontriv¬ 
ial consistency conditions are examined. In particular we hnd that by 
deforming along a flat direction, the duality flows to the Seiberg’s duality 
of SO{N) gauge theory. 
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Recent progress in supersymmetric gauge theories made it possible to argue non-perturbative 
aspects of them |jl[| 0 (for a review, see 0). In particular, Seiberg has shown Q that SUSY 
gauge theories have a dual description in terms of a SUSY gauge theory with a different gauge 
group. For example, SU{Nc) gauge theory with Nf flavors is dual to SU{Nf — Nc) gauge theory 
with Nf flavors. Although both theories have different gauge groups, global symmetries of the 
two theories are the same and they satisfy several nontrivial consistency checks on the duality. 
Duality in SUSY gauge theories is also studied in 0 0 |0] 0 @ 


01 hi] p] p] p] p. 


Duality in SUSY gauge theories with tensor matters is extensively investigated. One way to 
do it is to use the technique of deconhning 0. That is, a tensor matter is considered to be 
a bound state of a conhning gauge theory. The dual description of an original theory can be 
obtained by dualizing the deconhned theory instead of the original theory. One of the merits 
of the deconhning technique is that one can construct dual theories by using Seiberg’s duality. 
This is because all the matter helds of the deconhned theory belong only to the fundamental 
representation of the gauge group. The gauge group of the deconhned theory is necessarily a 
product group, and thus the dual theory also has a product gauge group, even though the original 
theory has a single gauge group. 


In this letter we consider duality in SU{N) gauge theory with a symmetric matter. We hrst 
discuss the non-perturbative superpotential and the quantum moduli space. Using holomorphy 
and symmetry, it turns out that no superpotential is dynamically generated, and at the origin 
of the moduli space the theory is in non-abelian Coulomb phase. This indicates that the SU{N) 
gauge theory with a symmetric tensor has a dual description. Next we construct the deconhned 
theory. It is argued that the original theory can be deconhned by introducing an SO{N -|- 5) 
gauge group. Then we use Seiberg’s duality to obtain the dual theory. Note that by virtue 
of Seiberg’s duality, global symmetries of the dual theory are the same as those of the original 
theory, and the’t Hooft anomaly matching conditions are trivially satished. The mappings of the 
gauge invariant operators between the two theories are easy to establish. It is also argued that 
by dualizing the dual theory again, we can obtain another dual theory which has diherent matter 
contents while having the same gauge group. As a consistency check on the duality, we turn 
on a vacuum expectation value in the original theory. We hnd that the dual theory is properly 
deformed as the vev’s are turned on in the original theory. In particular we show that the duality 
in SU{N) gauge theory with a symmetric matter flows to the Seiberg’s duality in SO{Nc) gauge 
theory by deforming it along a flat direction. 

We start with the theory; 
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where A,B = 1, 2, • • •, Y, x = 1, 2, • • •, F and I = 1,2, ■ ■ ■, N + F + 4. We refer to this as 
the electric theory. All the global U(l)’s are anomalous, and can be used as selection rules by 
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assigning appropriate charges to the dynamically generated scale Asu{n) 


U(1)q r/(l )<5 U{l)s U(i)x 

F N + F + i N + 2 -2(F + 3) 

where b = 2N — F — 3 is the coefficient of the 1-loop beta fnnction. 

From the four anomalous f/(l)’s, three anomaly free [/(l)’s can be constructed. One of them 
is i?-symmetry. Here we take the following charge assignments 
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Using holomorphy and symmetry, it is easy to see that no superpotential can be generated 
for all F. Thus the flat directions are left quantum mechanically. It is useful to describe the flat 
directions in terms of gauge invariant operators, some of which are given by 

M = QQ, H = SQQ, U = det S, 

B = eQ^, Vk = eQ'^{SQf-^ for fc < F, (4) 

where e is the epsilon tensor of the SU{N). All the gauge invariant operators are not indepen¬ 
dent and satisfy some constraint equations. Note that the classical constraints hold quantum 
mechanically, because the U{l)x charge of the dynamical scale Asu{n) is always nonzero. Thus 
the quantum moduli space is the same as the classical one, so that the singularity at the origin 
of the classical moduli space cannot be smoothed out. In order to discuss the physical meaning 
of the singularity, consider the ’t Hooft anomaly matching conditions. It turns out that the 
singularity cannot be attributed to the appearance of singlet helds. This implies that our model 
is in non abelian Coulomb phase for F < 2N — 3, which is expected to have a dual description. 

As discussed above, our strategy to hnd the duality is to construct the deconhned theory of 
(|l|) by using the technique of deconhning [jl^. We hrst consider SO{N + 5) SUSY gauge theory 
with Y -|- 1 fundamentals and 2;, and Y -|- 1 singlets Pa and u, where A = 1, 2, ■ ■ •, Y. Here 
we assume this theory has the superpotential at the tree level 

W = yzP -\- z^u. (5) 

According to the result of 0, there is a branch of the moduli space in which no superpotential 
is generated, conhnement occurs and the massless helds at the origin of the branch are given by 
the mesons 

= = R = z\ ( 6 ) 

The superpotential (j^), however, makes massive the singlet helds P"^,R,Pa and u, so that the 
massless held is only Now gauge the global SU{N) symmetry weakly. This means that the 
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dynamical scales of the two gauge groups satisfy Asu(n) Aso{n+ 5 )- In order for the SU{N) to 
be anomaly free, we must introduce F fundamentals and N + F + 4 anti-fundamentals 
This is indeed the electric theory (|I]). We refer to it as the expanded theory. It follows from (|^) 


and 

that the U{1) charges of the helds 

SU{N) SO{N + 5) SU{F) 

are hxed as follows 
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Let us now derive the dual description of the electric theory from the expanded theory. For 
convenience, we shall consider the case Aso{n+ 5 ) -C Asu{n)- At the scale Asu{n), the expanded 
theory can be considered to be SU{N) SUSY gauge theory with N + F + 5 flavors. Note that 
this theory allows a dual description for all F. Following |^, consider the meson helds 

= Q^^Pa, 

C'* = = v'^Pa. (8) 


Dual quarks which couple to the mesons are also introduced. Note that the superpotential (|^) 
makes D* and ^ massive. Integrating out these helds, we obtain the dual theory: 
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(F+5)(Af+F+4) 
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(9) 

The superpotential 

is given by 








W 

= Mqq + Npq + Cqx -|- {p: 



(10) 


We refer to this theory as the dual I theory. Note that the’t Hooft anomaly matching conditions 
are satished. 

At the scale Aso{n+5), the dual I theory can be considered as SO{N + 5) gauge theory with 
N -|- 2F + 9 havors, because the SU{F + 5) gauge coupling is much weaker than that of the 
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SO{N + 5). Thus we can dualize it by using the duality of Seiberg. Following the procedures of 
[0, consider the meson helds 

Sab = x,AX^B, l\ = x,aC^\ ( 11 ) 


We must also introduce dual quarks which couple to the mesons. Note that q and / become 
massive due to the superpotential (pTl). Integrating them out, the dual theory is 
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(12) 

with the superpotential 








IF = MxCq + Npq + Sp'^u + Sx'^ 

+ HCS 


(13) 


We refer to this as the dual II theory. One can see that the’t Hooft anomaly matching conditions 
are satished. 

Notice that we found the duality between the expanded and the dual II theory only for 
^so{N+ 5 ) ^ ^su(N)- Assuming holomorphy for I^su(n)/^so(n+ 5 ), however, the duality is valid 
for all ^su{N)/^so(N+ 5 ) (see also |^). Noting that the expanded theory (J^) is equivalent to the 
electric theory ([|) for I^su(n) ^ ^so(n+ 5 ), the dual II theory (|^ turns out to be the dual of 
the electric theory. 


It is found that the gauge invariant operators 
following way 


are mapped to the dual II theory in the 
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where b is the SO{2F + 8)-invariant operator given by 
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( 16 ) 
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IV is the S0{2F + 8 ) field strength superfield. 

We have derived the dual theory ([T^) by using the technique of deconfining and the Seiberg’s 
duality naively. We can, however, obtain another dual theory by dualizing ([I^ ) again. We first 
think of the dual II theory (|^ as SU{F + 5) gauge theory with a symmetric tensor. Then it 
can be dualized following the procedures we have discussed. The gauge group of the dual theory 
is SU{F + 5) X SO{2F + 8 )i x SO{2F + 8 ) 2 , where SO{2F + 8)1 is the gauge group of the 
dual II theory and SO{2F + 8)2 results from dualizing the SU{F + 5). The vector index of the 
S0{2F + 8)2 is denoted by i'. It is easy to see that the dual of the dual II theory has the following 
matter contents: 
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with the superpotential 

W = + iWM, + Hu + tr(if,,) + H^^CuCmi 

FM^XiiACi^q^^ + M^iXi'ACwq"""^ + NxPaT^ + S^^PaPbu + S^^Xi^AXi’E 
+ HiCii'Ci' + HijCii'Cji'. 


(16) 


(17) 


Here we define the gauge invariant fields as follows 

Mx = p^qxA, Mxi = xfqxA, 

H = SabP^P^, Hi = SabP^x^, Hij = SABxfxf . (18) 

From ([T7|), , Mx, H and u become massive, and hence can be integrated out. Using the equation 

of motion for Hij, we find that the field C get a vev, so that the dual theory (pUf) is higgsed to 
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SU{F+5)xSO{2F+8), where SO{2F+8) is the diagonal subgroup of S'0(2F+8)ixS' 0 ( 2 F+ 8 ) 2 . 
The vev makes Hij, Hi, and Q/ massive, and thus they can be integrated out. As a consequence, 


(pT[) becomes 
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with the superpotential 

W = M^^CuM^i + M^iXiAr^ 


+ + S^^PaPbu + S^^x^AXiB + H^^CuC, 
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where i is the vector index of the diagonal subgroup SO{2F + 8 ). Note that only in the case 
F = 0, the dual (|l^) is exactly the same as the dual II theory 


In order to check the duality, turn on a vacuum expectation value in the electric theory. The 
moduli space of the electric theory is determined by the F-term conditions 
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where c is a constant. We turn on vev’s for Q and Q in the way 
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( 21 ) 


Q'® = 0, Q(,= 


( 22 ) 


V / 

The vev’s of are hxed by the F-term conditions. When c = 0, the electric theory is higgsed 
to SU{N — r) and its massless held contents are the F fundamentals the A^ + F + 4 —r anti¬ 
fundamentals and a symmetric tensor where A = r -|- 1, • • •, A^, and I = 

F -|- 4. Note also that gets a vev of rank r and the other gauge invariant operators take 
vanishing values. Turning to the dual II theory, one can see from the superpotential (|T^) that 
Cii, Z = 1, ■ ■ •, r become massive because has a vev of rank r. Integrating out the massive 
helds, the symmetries of the dual II theory are broken as follows 

SU{F + 5) X SO{2F + 8 ) X SU{F) x SU{N + F + 4) 

^ SU{F + 5) X SO{2F + 8 ) X SU{F) x SU{N + F + 4 - r). (23) 
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This is indeed the dual of the electric theory. 

Let us now consider the case c 7 ^ 0. The electric theory is higgsed to SO{N — r), and its 
contents of massless helds are N + 2F + 4 — r vectors. As in the case c = 0, has a vev of 
rank r. One of the most important differences is that the gauge invariant operator U = det S 
takes a non-vanishing value. Turning to the dual II theory, it follows from (|T^) that the helds 
QxA and Sab get vev’s so that the gauge group SU{F -|- 5) is higgsed to 50(5) while SO{2F + 8 ) 
is unbroken. Up to gauge and havor transformations, the vev’s are given by 
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where b is written in terms of ai and c. Substituting them into the superpotential ( |T^) and 
integrating out the massive helds, the dual II theory reduces to the supersymmetric 50(5) x 
SO{2F + 8 ) gauge theory with the following matter contents 
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with the superpotential 

where 50(2F-|-8) vector helds 
are given by 




qij,i, p = 1,2, - ■ ■ ,N + 2F + 4: — r and the meson helds 
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where A',B' = 1,2, Note that (|25|) can be regarded as supersymmetric 50(5) gauge 

theory with one havor. It follows from |H] that the exact superpotential of (^) is given by 


W 


1 

2 


(^L + ^r) 


4A^ 

Vm 


+ Mu -h M^^'^q^iq^i. 


(28) 


Here = ±1, M = and A is the dynamical scale of the 50(5) SUSY gauge theory. 
Depending on = ±1, the moduli space consists of two branches. For 6 ^ 6 ^ = 1, it is obvious 
that no SUSY vacuum exists. On the other hand, for eieR = —1, no dynamical superpotential 
can be generated so that M and u become massive. Thus the relation between the deformed 
electric and dual II theories is indeed the duality found by Seiberg 
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Finally we study the duality by adding , A = A^, to the superpotential. For 

convenience, we assume that \im takes the following form 


Aim = diag(A, •••,A, 0,---,0). (29) 

k N-\-F-\-4:—k 

In the electric theory, there exists a branch of the moduli space parameterized by 

Q = Q = 0, 5^^ oc 6^^. (30) 

By deforming the electric theory along the flat direction, the electric theory flows to SO{N) 
SUSY gauge theory with N + 2F + 4 — k flavors. On the other hand, the superpotential of the 
dual II theory is given by 

_ _ _ k 

W = MxCq + Npq + Sp^u + Sx^ + (31) 

1=1 


Recall that we are considering the branch U 7 ^ 0. This means that q and S take the same form 
of vev’s as (|^) . Using the F-term condition for C is found to take a vev which breaks the 
gauge group SO{2F + 8 ) to SO{2F + 8 — k). Expanding the dual II theory around the vacuum 
and integrating out massive helds, it is found that the dual II theory reduces to: 
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with the superpotential 





W = p^p\ + M^’^q^iq^i. (33) 

Here we denote the vector index of the SO{2F + 8 — k) hy i. From the same discussions as those 
in (^), we can see that (^) flows to the dual of the deformed electric theory. 


It is a pleasure to thank Prof. N. Sakai for a useful discussion. The author also thanks 
Christian Baraldo for careful reading of the manuscript. 
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